Special Relativity Derived from Space-Time Symmetry
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Using elementary algebra, the author derives special relativity without assuming the constancy
of the speed of light. The Lorentz transformation is rediscovered as a simple extension of Galilean
transformation. The resulting equations require a natural speed unit. The approach underscores

the fundamental geometric structure of space-time.
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I. THE GALILEAN TRANSFORMATION OF
SPACE REQUIRES ABSOLUTE TIME

We consider the transformation that relates the space-
time coordinates of an event (z4,t4) measured in refer-
ence frame A to the space-time coordinates (xpg,tp) of
the same event measured in another reference frame B
where B moves at a constant velocity v relative to A.
With A and B arranged in a way such that the origins
of their Cartesian coordinate systems coincide at t = 0
and the velocity v in the x-direction, the Galilean trans-
formation between the two is:

T =x4 —Vta (1)

tg =1ta (2)

Since tg = t4, it is said that the time is absolute in
the Galilean transformation.

However, we note that the absoluteness of time in the
Galilean transformation is not independent of but re-
quired by the spatial relationship between zp and x4.
Switching the reference viewpoint, frame A moves at ve-
locity —wv relative to B. The Galilean transformation
from xp to x4 is therefore,

T4 =2xp + vtg. (3)
Adding Egs. (1) and (3), it’s clear that t4 = tp.
II. THE SYMMETRY OF SPACE-TIME AND

THE DERIVATION OF LORENTZ
TRANSFORMATION

1. Derivation of Lorentz Transformation

The above analysis gives us a crucial hint: the rela-
tionship between spatial coordinate xg and (z4,t4) con-
strains the relationship between time tp and t4. In the
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Galilean picture, the time is absolute, and the transfor-
mations of space and time seem very different. However,
other than our intuition or common sense, there was no
law that dictates this “absoluteness” of time to be pre-
cisely true. Since |x4 — vta| is a physical length in A,
with linear space-time, an alternative transformation of
(x4 —vty) can only differ from Galilean transformation
(1) by a location-time independent factor ~:

xp =y(xa —vta). (4)
Switching the references and considering the transforma-
tion from B to A, we must have

x4 =v(xp + vip). (5)

With v = 1, Egs. (4) and (5) reduce to Egs. (1) and
(3). In the general case, solving for tp from Egs. (4) and
(5), we have,
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We observe that eq. (6) is very similar to eq. (4). Also,

we note that at v ~ 0, the coefficient u(v) = 17;722 before
T 4 in the second term must vanish accordingly. We could
express u(v) as a Taylor series of v with a zero v" term.
For a linear theory, all terms of second order or higher

are also zero, and we have:
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where a is a constant, whose value does not depend on

v. We may choose a unit system so that |a| = 1 (simpy

by scaling x by |a|). We are left with two possibilities,

a=1lora=—-1.

If nature treats space and time “equally”, ie., a =

—1, equations (6) and (4) are invariant as = and ¢ are
interchanged, we have,
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From this, we find,
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where only the positive root is chosen because eq. (4)
must reduce to rp = 4 at v = 0. With the v given
above, the complete equations of the transformation of
space-time coordinates (z4,t4) to (zp,tp) are:

rp =y(xa —vta), (10a)

tg =(ta —vxa). (10b)

2.  Relativity and Fizing the Unit Speed

The above derivation of the space-time transformation
is based only on the principle of space-time symmetry.
Speed of light did not enter our picture. The dimension-
ality of space was not considered either. Since velocity v
is constant, it is nothing more than a definition of ratio
that relates the change in z-coordinate of B (relative to
A) to the change in t.

Yet the result shows that v has naturual maximum
unit speed, if a symmetry between x and ¢t is required un-
der the transformation between reference frames. As the
speed approaches 1 from a speed v < 1, v becomes “rela-
tivistic”. To have real (physical) coordinates in Egs. (10),
v may not exceed 1. Therefore, the unit speed is the max-
imum speed.

At near zero speed, v is close to 1, Galilean transfor-
mation is a good approximation. But, because x 4 in the
vx 4 term can be arbitrary, equation (10b) cannot be re-
duced to tp = t4 unless v is always zero. In other words,
Egs. (10) can be reduced to Galilean transformation only
if the unit speed is infinite.

It is straightforward to verify that ds? = dt? — dz? is
invariant under transformation of Egs. (10), leading to
the Minkowski metric.

It is also trivial to derive the equation for “adding ve-
locities”. An object moving at velocity vp in the B frame
is found to move in the A frame at velocity

v +v
= —. 11
va 1+ovup (11)

As seen from this formula, the speed of 1 is special. If
vp = 1, then vy = 1, regardless of v. In other words,
an object moving at unit speed will have the same unit
speed in any inertial reference frame.

Relativistic dynamics can be derived by identifying
the relativistic momentum and applying Newton’s sec-
ond law in the form of f = %’. The resulting equation
will show that a particle with zero rest mass moves at the
unit speed. This will allow us to experimentally fix the

unit speed in Egs. (10) in the meters/second unit system.
It has been reported that photon rest mass has an upper
limit of 1.2 x 10754 kg[3](much smaller than the Planck
mass), making the speed of light a good candidate for
the unit speed.

So far, we pretended that we did not recognize
Egs. (10) as Lorentz transformation with the choice of
unit where speed of light ¢ = 1. Special relativity was
formulated on the postulate that the speed of light is
invariant, and the derivation of Lorentz transformation
often involved investigating light propagation[l, 2]. Our
derivation made no use of the constancy of c. Instead,
the constancy of v = 1 is derived from the transformation
equations (10) and thus comes as a property of space-time
symmetry.

8. Discussion of Fuclidean Metric

Instead of Eq. (8), we may investigate the possibility
that (z, t) transformation resembles rotation in space.
We require,
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The transformation equations are,
xp =7(xa —vta), (14a)
tg =y(ta +vza). (14b)

Now, ds? = dt? 4 dz? is invariant. In such a theory, time
acts like another spatial dimension (orthogonal to other
spatial dimensions). Starting from v = 0, there is no
speed limit. The unit speed is not invariant under the
transformation of Eqs. (14).

III. CONCLUSION

The author presents a minimalist derivation of spe-
cial relativity by requiring a transformational symmetry
between space and time. A natural unit speed that is
invariant under the transformation emerges from sym-
metry considerations alone.
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